University of Shizuoka 



US-96-10 
AMU-96-11 
November 1996 



Analytical Expressions of Masses and Mixings 
in a Democratic Seesaw Mass Matrix Model 



Yoshio Koidef] 

Department of Physics, University of Shizuoka 
395 Yada, Shizuoka 422, Japan 

and 

Hideo Fusaokafl 

Department of Physics, Aichi Medical University 
Nagakute, Aichi 480-11, Japan 



Abstract 

On the basis of a seesaw-type mass matrix model Mf ~ mi,Mp ttir 
for quarks and leptons /, analytical expressions of the masses and mix- 
ings of the fermions / are investigated. Here, the matrices and 
rriR are common to all / (up- and down-; quarks and leptons), and the 
matrix Mp characterizing the heavy fermion sector has the form [(unit 
matrix) + (democratic-type matrix)]. An application to the quark sec- 
tors is discussed. 



* E-mail: koide@u-shizuoka-ken.ac.jp 

' E-mail: fusaoka@amugw.aichi-med-u.ac.jp 



1 



§1. Introduction 

Why is the top quark mass m t so enhanced compared with the bottom 
quark mass m&? Why is the -u-quark mass m u of the order of the (i-quark mass 
md ? In most models, in order to understand mt ^> mj, it is inevitable to bring in a 
parameter which takes hierarchically different values between up- and down-quark 
sectors. However, from the point of view of the "democracy of families", such a 
hierarchical difference seems to be unnatural. What is of great interest to us is 
whether we can find a model in which M u and Md are almost symmetric in their 
matrix structures and in their parameter values. 

Recently, by applying the so-called "seesaw" mechanism 1 ) to quark mass 
matrix, 2 ^ the authors 3 ) have proposed a model which provides explanations of both 
m t ^> nib and m u ~ m^, while keeping the model "almost" up-down symmetric. 
The essential idea is as follows: the mass matrices Mf of quarks and leptons fa 
(i = 1, 2, 3: family index) are given by 



M f ~ -m L Mp X m R , 



XD 



where Fj denote heavy fermions C/j, Dj, N { and corresponding to fa = Ui, d iy v i 
and ej, respectively. They have assumed that the mass matrix mp {jur) between fi 
(fn) and Fr (Fl) is common to all f = u,d,u,e (i.e., independently of up-/down- 
and quark-/lepton- sectors) and m R is proportional to ttil, i.e., m R = Km L . The 
variety of Mf (/ = u, d, v, e) comes only from the variety of the heavy fermion 
matrix M F (F = U, D, N, E). If we take a parametrization which gives detMu ~ 
in the up-quark sector, but which does not give detMc ~ in down-quark sector, 
the model can provide m t ^> m b , keeping the model "almost" up-down symmetric 
because of the factor Mp 1 in the seesaw expression (1.1). On the other hand, they 
have taken Mp = m \Of as the form of the heavy fermion mass matrix Mp, where 
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= 1 + 3b f e ip fX , 



(1.2) 



and A is an enhancement factor with A ^> k ^> 1. Note that the inverse of the 
matrix Of is again given by the form 4 ) [(a unit matrix) + (a democratic matrix)], 
i.e., 

0] 1 = 1 + 3a f e ia fX , (1.3) 
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with 

a f e ta f = f , - n . (1.4) 

} l + 3b f e ll3 f v ' 

Thus, we can provide top-quark mass enhancement m t ^> in the limit of 
b u e t(3u — > —1/3, because it leads to \a u \ — > oo. On the other hand, since a demo- 
cratic mass matrix 5 ) makes only one family heavy, we can keep m u ~ m^. 
They have taken 



ttil = —m R = m Z = m 

K 



I 21 \ 

z 2 
V o z 3 ) 



1.5) 



where are normalized as z\ + z| + z\ = 1 and given by 
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(1.6) 



in order to give the charged lepton mass matrix M e for the case b e = 0, i.e., M e = 
m (K,/\)Z 2 . They have obtained 3 ^ reasonable quark mass ratios and Cabibbo- 
Kobayashi-Maskawa 6 ) (CKM) matrix parameters by taking k/\ = 0.02, b u = —1/3, 
(3 U = 0, b d ~ -1 and |/3 d | ~ 18°. 

However although they numerically evaluated the behavior of the CKM 
matrix elements to the parameters k/X, bf and f3f, they did not give analytical 
expressions of the CKM matrix elements. Therefore, of their results, we can- 
not see which are results only for a special choice of the parameters and which 
are (almost) parameter-independent ones. For example, they predicted a value 
\V c b\ = 0.0598, which is somewhat large compared with the recent experimental 
value 7 ) \V cb \ = 0.041 ± 0.003. However, we cannot see whether the discrepancy is a 
fatal defect in this model or not. 

What is of great interest to us is to clarify the general features of the demo- 
cratic seesaw mass matrix, without confining ourselves to the phenomenology of the 
quark masses and CKM matrix elements. It is also interesting to apply the model 
to other fermion systems, for example, to neutrino sector, a hypothetical fermion 
system, and so on. For this purpose, it is inevitable to obtain analytic expressions 
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of the fermion masses m{ and the family-mixing matrix U L for arbitrary values of 
the parameters bf and (3f, and not to give such the numerical study as in Ref. 3). 
In §3, we will give general expressions of the fermion masses m{ for arbitrary bf 
and Pf, although the cases of bf = —1/3 and bf ~ —1 have already been in Ref. 3). 
In §4, we will obtain a general expression of the 3x3 family-mixing matrix Jj[ for 
arbitrary values of the parameters bf and (5f. 

Since the previous paper 3 ) put stress on the "economy of adjustable param- 
eters" of the model, the predictions were done by adjusting only three parameters 
k/X, bd and (3d- As a result, some of the predictions were in poor agreement with 
experiment. In the present paper, we will loosen the parameter constraints in the 
previous model 3 ) (we will bring two additional phase parameters into the model). 
As a result, the predictability of the model decreases. However, the purpose of the 
present paper is not to improve the previous quark mass matrix model, but to in- 
vestigate more general features of a democratic seesaw mass matrix model without 
confining ourselves in the quark mass matrix phenomenology. 

As an application of our general study to the quark sectors, in §5, we will 
discuss analytical expression of the CKM matrix. In §6, we will give re- fitting 
of the CKM matrix parameters. Also, a possible shape of the unitary triangle 
VudV* b + V cd V* b + VtdVtb = in our model will be discussed. 

The final section §7 will be devoted to the summary and discussion. 

§2. Assumptions for the model 

In the present model, quarks and leptons fi belong to fi = (2, 1) and fn = 
(1,2) of SU(2)^xSU(2)^ and heavy fermions Fi are vector-like, i.e., Fl = (1,1) 
and Fr = (1, 1). The vector-like fermions F = (Fi, F 2 , F 3 ) acquire masses Mp at 
a large energy scale fi = m^X. The SU(2)l and SU(2)i? symmetries are broken by 
Higgs bosons <pL = (0l 5 0l) and <fin = (0r,0?j), which belong to (2,1) and (1,2) of 
SU(2)ixSU(2)^, at energy scales fi = m Q and fi = m K,, respectively. 

Let us summarize the fundamental assumptions in the previous paper 3 ) be- 
fore starting our analytical study of the democratic seesaw mass matrix model. 

[Assumption I] The 6x6 mass matrix M for the fermions (/, F) has a 
would-be "seesaw" form 

c^).-™*U£)(0.- M 
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i.e., there is no Higgs boson which belongs to (2,2) of SU(2) L x SU(2)#, in contrast 
with the conventional SU(2)i x SU(2)^ model. 8 ) 

[Assumption II] The structure of rriR is the same as that of except for 
a constant coefficient k, i.e., 

m R = kuil ■ (2.2) 

[Assumption III] The heavy fermion mass matrix Mp takes a form [(a unit 
matrix) + (a rank-one matrix)], i.e., 

M F = m \ F (l + 3b f e i PfR 1 ) , (2.3) 

where R\ is an arbitrary rank-one matrix. 

The requirement that the matrix Ri is a rank-one matrix is indispensable 
to realize that the choice detMp(bf) = makes a mass of only one fermion heavy, 
i.e., m t ^> m c > m u with keeping m u ~ m^. Note that at this stage, it is not 
necessary to assume that the matrix R\ has a democratic form as defined by (1.2). 
Without losing generality, we can take a favorite family-basis of the heavy fermions 
F = (Fi, F 2 , F 3 ). However, in order to obtain the successful fitting of the quark 
masses and CKM mixings in Ref. 3), the following assumption is essential. 

[Assumption IV] When we choose the family-basis where R\ takes the 
democratic form 



R 1= X = - 
3 



/I 1 1\ 
1 1 1 

U i 1/ 



(2.4) 



the matrix itll takes a diagonal form m§Z , (1.5). 

If we take another family-basis (/', F') = (Af, AF), the mass matrix M' for 
(/', F') is given by 



Without losing generality, we can choose a basis on which M' F takes a diagonal 
form 

M' F = m \ F diag(l, 1,1 + 3b f e if> t) . (2.6) 
Therefore, Assumption IV can be replaced with the following expression: 






m' L ' 




V m R 


M' F j 
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[Assumption IV] On the family-basis on which M' F is diagonal, the mass 
matrices m' L and m' R are given on the family-basis /' = (/i,/^/^) which consists 
of representations of the permutation group S3 of three elements, i.e., 




(2.7) 



where fi are fermion states in which m' L and m' R are diagonalized. 

In any expressions IV and IV, it is essential that Mp is given by a form 
[(a unit matrix ) + (a democratic matrix)] on the family-basis on which mp and 
mp take diagonal forms. For a mechanism which generates such a democratic mass 
matrix, some ideas have been proposed: a permutation symmetry of three elements 
S3, 9 ) a composite model based on an analogy of hadronic ir°-r)-r)' mixing, 10 ) a BCS- 
like mechanism, 11 ^ and so on. However, the purpose of the present paper is not to 
investigates the origin of the democratic mass matrix form. We do not touch the 
origin of the form (2.4). 

In the numerical study for the quark sectors, the coefficient will be as- 
sumed as \u ~ \ D = \q 7^ \ E , because the evolution effects of Yukawa coupling 
constants can be different according as the fermions have color or not, even if 
Ac/ = AD = A^ata unification energy scale. 

As we stated in §1, in the present paper, we will loosen parameter constraints 
in the previous model and we will bring two additional phase parameters 62 and 
<5 3 into the CKM-matrix phenomenology. We assume that the Higgs bosons (j) L 
and 4>r couple to the fermions universally, but with the degree of freedom of their 
phases, as follows: 



Yukawa 



i=l 



J2( u Li d Li) (yiiexp(i^)) 



3 





+h.c. + (L ^ R) + [(u, d, U, D) -> (1/, e, N, E)] , 
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where yu and ym are real parameters, and they are universal for the quark and 
lepton sectors. Therefore, the matrices uil and m R in (2.1) are replaced with 

m{ = m P[Z = m diag (^exp«), , 2 exp(<), , (2-9) 

and m R = m K,P R Z, respectively, where P[ and P R are phase matrices. 
For these phase parameters, the CKM matrix is dependent only on 

put p d = P = di&g(e i5 \e i5 \e iS3 ) . (2.10) 

Of the three parameters Si (i = 1,2,3), only two are observable. Without losing 
generality, we can put Si — 0. In the present model, the nine observable quantities 
(five quark mass ratios and four CKM matrix parameters) are described by the 
seven parameters (k/X, b u , bd, (3 U , Pd, $2, S3). Since we put the ansatz "maximal 
top- quark- mass enhancement" according to the Ref. 3), we fix b u and f3 u at b u = 
— 1/3 and f3 u — 0. However, we still possess five free parameters. In order to 
economize in the number of the free parameters, we will give some speculation on 
these parameters in the final section. On the other hand, since the phases S e Li and 
S e Ri are not observable, we can put P[ — P R — 1. 

§3. General expressions of the fermion masses 

The general case P[ 7^ 1 does not change the previous results 3 - 1 as far as the 
mass ratios are concerned. Quark masses in terms of charged lepton masses have 
already been given in Ref. 3). However, the previous expressions were only those 
for the cases of (bf = —1/3,/?/ = 0), and (bf ~ — l,(3f ~ 0). In the present paper, 
we will give general expressions for arbitrary values of bf and f3f. 

Note that for the case bf = —1/3 the seesaw expression (1.1) is not valid 
any longer because of detM^ = 0. In Fig. 1, we illustrate the numerical behavior 
of fermion masses m{ (i = 1,2, •••,6) versus the parameter bf which has been 
evaluated from the 6x6 matrix (2.1) without approximation (the behavior of m{ 
with % = 1, 2, 3 has been illustrated in Ref. 3). As seen in Fig. 1, the third fermion is 
sharply enhanced at bf = —1/3 for (3f = 0. The calculation for the case bf ~ —1/3 
must be done carefully. 

For the case in which the seesaw expression (1.1) is in a good approximation, 
i.e., except for bfe tl3f ~ —1/3, we can obtain simpler expressions of m{ : 



f 



-m , (3.1) 
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m{ = z\ 



K 

- x m 



(3.2) 



K 



(3.3) 



where the functions c{ = c n (bf, f3f) (n = 1, 2, 3) are defined by 



c f n = c n {bf,(3f) =n + 



b f e i/3 f 



(3.4) 



Although the expressions (3.1) - (3.3) are not valid for the cases bfe tf3f = —1, —1/2 
and —1/3, these are still very useful for the case f3f 7^ 0. 

More precise expressions for arbitrary values of bf and /3f are obtained as 
follows. For the case of A k 1, by expanding the eigenvalues m{ (i = 1,2,3) 
of the mass matrix (2.1) in k/X, we obtain the following expressions of m{: 
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m J p»/(M)l 1T V P 4 f 2 (b,(3) 
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(3.5) 
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(3.7) 



where 
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/(&, /?) = (! + 6) 2 - 2(1 + 26)- - 46 1 - 2 



(7 
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2 ' 



(3.8) 
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g{b, /?) = (! + 2b) 2 - 2(1 +&)(! + 3b)p - 86(1 - 2p) sin 2 f , (3.9) 



h(b,P) = (l + 36) 2 -126sin 2/3 



2 ' 



(3.10) 



_ 2 2, 22, 22 
P — z l z 2 ' Z 2 Z 3 ' Z 3 Z 1 ) 



„2 2 2 



0" = ZqZ 



1 X -2 X '3 ) 



(3.11) 
(3.12) 



and for simplicity we have denoted bf and (3f as b and /3. 

Now let us apply the results (3.5)-(3.7) to the quark masses. Our interest is 
in the cases bf ~ —1/3 and bf ~ — 1 whose values are favorable to the fitting of the 
up- and down-quark masses, respectively. The explicit expressions are as follows: 



3m e k 



3(7 / 3c 3 \ K 
Yp \ + V ~ A^ m ° " 2m r X v 



m , 



(3.13) 



m c ~ 2p 



3(7 



V"2 (1 " ^ P]£u 



—m ~ 2 — — m , 
X v m T X v 



1 1 1 

v / 3 A /l + 27. 2 A 2 / /. 2 V3 



(3.14) 
(3.15) 
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/ 3 2 f3 d 

m s ~ 2 1 + -e d — 2 sin — 



. /3 d 




. Pd 


sin — 

2 


Pt— "^o — 2 
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m , 3.17 

m T Ad 



If 1 5 . 2 /3 d A « Ire 

mt ~ - 1 e d H — sin — - — m — -- — mn , 

2 I 2 2 2 / A D 2 X D ' 



(3.18) 



where the small parameters e u and are defined by 



b d = -1 + £d ■ 



(3.19) 
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Here, we have taken (3 U = 0, because top-quark enhancement is caused only for 
the case of (3 U = (see Fig. 1). For down-quark masses, we have shown only the 
expressions for bd — —1 and 1 ^> sin (3d ^ 0, because from the numerical study 
in Ref. 3), we know that the observed down-quark mass spectrum is in favor of 
b d ~ -1 and \(3 d \ ~ 20°. 

The expressions (3.13) - (3.19) lead to the following relations which are 
almost independent of the parameters k/X (A = Xjj = Ad), e u , Ed and (3d' 



m u 3 m e 

r^j 



m. 



Am,, 



(3.20) 



m b m T 



m d m s 
m 2 h 



mern^ 



mi 



(3.21) 
(3.22) 



m u m s 3m d m T 
— ~ 3 — ~ ~ 3 



m c 4 m b m M 



. (3d 
sm — 
2 



(3.23) 



The expressions (3.20) and (3.23) have already been given in Refs. 12) and 3), 
respectively. However, note that these relations are valid only for small value of e u 
and Ed, and not for general value of bf. 

In the limit of unbroken SU(2) L xSU(2) R , i.e., mj, = m^ = 0, heavy fermion 
masses mp 1 are given by 



m F f = m F!i = X F m , 



= \Jl + 6b f cos (3f + 96jA_f^o , 



(3.24) 



where F[ are mass-eigenstates for the mass matrix Mp = m^XpOf. As seen from 
(3.24), the minimum condition of the sum of the up-heavy-quark masses leads to 
(3 U = and b u = —1/3. Therefore, the ansatz "maximal top-quark-mass enhance- 
ment" can be replaced by another expression that the parameters (b u , (3 U ) are fixed 
such that the sum of the up-heavy-quark masses becomes a minimum. 
For the case of Z ^ 0, the heavy fermion masses are given by 

m\ ~ ml ~ wig ~ X E m , (3.25) 
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m\ ~ -^=Km , m\ ~ mjf ~ \um , (3.26) 
V3 



~ A D m , ~ 2^1 + 3 sin 2 (/3 d /2)A D m , (3.27) 

where the numbering of m{ has been defined as m{ < wij < ml in the mass 
eigenstates F[ (i = 1,2,3). Note that only the fourth up-quark w 4 (= U$) is 
remarkably light compared with other heavy fermions. The enhancement of the 
top-quark w 3 (= t) is caused at the cost of the lightening of U^. Since the mass 
ratio m\jm\ is given by 

m u Jm t ~ k (3.28) 

and k is of the order of m(W r) / m(W l) ■, we can expect the observation of the 
fourth up-quark w 4 at an energy scale at which we can observe the right-handed 
weak bosons Wr. 

§4. General expression of family-mixing matrix 

We diagonalize the 6x6 mass matrix M, (2.1), by the following two steps. 
As the first step, we transform the mass matrix M into 





o > 


l-l 


( Mf 
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^22 J 
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M' F ) 



m'= T Z, \ = \ 7 " • (4.i) 



At the second step, we diagonalize the 3x3 matrix Mf = M' xx with P[ = = 1 
(which we denote as Mf) by two unitary matrices U[ and as follows: 

UlM f U$ = D } , (4.2) 

where Df = diag(m{, m^, ml). Then, the CKM matrix V is given by 

V ~ UlPUf , (4.3) 

where the phase matrix P is defined by (2.11) and terms with the order of A -2 
which come from the f-F mixing have been neglected. 
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We denote the unitary matrix U[ as 



Ut ~ 



-(1 - e f 21 )p} Zl 

-a-4i)q} 



Z2 Z3 



Z2 
Z 3 



i-4 



f2 
^3 



(1 -sDq/— 

Z3 



1-4 



(4.4) 



where the functions p/ = p(bf,flf) and g/ = q(bf,(3f) are given by 



6 f e^ 1 



(4.5) 



g/ = q(b f ,Pf) 



b f e 



1 + 2b f e i Pf 



(4.6) 



with the relation 



The next leading terms ef and e{, are obtained by putting the expression 



(4.7) 



(4.4) into the unitary condition U[U[ = 1 and the diagonalization condition 

U f L MfM]U f L ] 



n 2 - 



i/^i\ 2 1 

2 U 2 



J\2 ' 
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(4i 
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£2 

2 U 3 
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\fj\2 
\ C 2 I 



(4.9) 



fc 21 



4 



e{ 2 = (3 - 2cf) £ { , 
(3 _ 2c {* 2 ) £ {-( c {* + c /*)4 , 

4a = (4 + 4)4 + (3 - 2cf )e{ , 



'32 



(3 - 2c 



'3 > 



(4.10) 
(4.11) 
(4.12) 
(4.13) 
(4.14) 
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e{ 3 = (3-2c{)e{ , (4.15) 

e& = (3 + 2c{*)e£ . (4.16) 

The expression (4.4) is valid as far as we can regard e{ and e{ as s[ <C 1 and 
e{ < 1, i.e., 



„/|2 



^ + 1 ) 2 -^ in2 T >> ^(l) 2 = °' 0024 ' (417) 



\r f \ 2 



(4.18) 



Therefore, for the cases 6/ = —1 and 6/ = —1/2, the expression (4.4) is valid only 
for the cases 



sin 



» ^| = 0.025, (1/3/1 » 2.8°) , 



(4.19) 



and 



sin 



0/ 



> 



1 z 2 
4y/2z 3 



0.043, (1/3/1 » 4.9°) , 



(4.20) 



respectively. For down-quark sector, we know that bd — — 1 and \ f3d\ — 20° from the 
phenomenological study 3 -* of the quark mass ratios. The value \(3d\ — 20° satisfies 
the condition (4.19), so that we can use the expression (4.4) for the down-quark 
sector. The expression (4.4) is not valid for the cases bf = — 1 and 6/ = —1/2 with 
/3f — 0, which do not satisfy the conditions (4.19) and (4.20). The expressions for 
these cases are given in Appendix A. 



§5. CKM matrix elements 

The CKM matrix elements V^- are given by (4.3). Without losing generality, 



we can take 



P = diag(l,e* d2 ,e 



i&2 c '^3^ 



(5.1) 



For the up-quark sector, we put an ansatz "maximal top-quark-mass en- 
hancement", i.e., we assume that b u = —1/3 and (3 U = 0. Then, from (4.5) - 



13 



(4.16), we obtain 



. 1 . 1 



QU = 9(~g,0) = "I , 



4 = i(|) 2 = 0.030 » £?= ig) 2 = 0.0006 , 



and 



fc 12 — fc 13 — u ? fc 21 — ofc 3 ' fc 23 — fc 31 — fc 32 — fc 3 i 

with e\ ~ 0. Therefore, the unitary matrix £7^ is given by 



1 




8 


(!) 


u 




23 


— £ 31 



(5.2) 

(5.3) 
(5.4) 



_l£i 

2 2 2 

1 -e" 



. -(1-^3) -(1-^3) 

\ ^3 ^3 



_l£i 

2*3 

^3 



(5.5) 



For the down-quark sector, for a time, we use the general expression (4.4) 
without assuming b d ~ — 1 and /3j <C 1. 

First, by neglecting e{ and e{j terms, let us give rough estimates of Vif 

Vus ^-\ Z ^- d e^{2e-^ + c d l ) , (5.6) 

Vcb ^-^\e^(l + c d 2 e^^) , (5.7) 
^3 c 2 

V ub ^-^\e^(2e-^-l + c d 2 e^- s ^) , (5.8) 

^~^i-e^(cf e - i<52 + l + e^- 52 )) . (5.9) 

*3 c l 

In, (5.1), we have taken 5± — without losing generality. We suppose that 
<5 2 is also 5 2 — 0. For b\ <C sin 2 (/3 rf /2) and 5| <C [6d = —(1 — e d )], the relations 
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(5.6) - (5.9) lead to 



V ~ 

us — 



V cb ^-^\(c d 2 + e-^-^)e 
z 3 c% v 



i z 1 4 

2~ 2 4 ' 

i(fe-<5 2 )\ J(5:j-S 2 ) 



V u b — [Co + e 



(4 + e -i(S3-S 2 )\ e i(5s-8 2 ) 

2 z% c 2 v ' 
We can readily obtain an approximate relation 



V u b 


1*1 






2 ^ 2 





(5.10) 
(5.11) 
(5.12) 
(5.13) 



(5.14) 



which is valid for arbitrary values of the parameters bd, (3d and (53 — 82). How- 
ever, the prediction (5.14) is somewhat small compared with the observed value 7 -* 
I^WKbl = 0.08 ± 0.02. This discrepancy can be corrected by taking the small 
terms e{ and e{j into consideration (see Appendix B). We also obtain the relation 



V td \ ^ 2 



w, 



ub I 



m^/rrir 2\V US \ 



IK 



ub I 



(5.15) 



for arbitrary values of bd, (3d and (83 — 8 2 ) by using the relations (3.2), (3.3), (5.10), 
(5.12) and (5.13). 

From (5.10) and the relation 



z^\4\\4\ 



Z-2 



\ n d\2 
\ C l\ 



(5.16) 



we can see that if we want to derive the well-known relation 13 ) 

\V US \ ^ \jm d /m s , 



(5.17) 
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we must impose a constraint 



^\4\ 2 /\4\\4\ , 



on the parameter Pd^ d - The simplest one of the solutions of (5.18) is bde if3d ~ 
which yields reasonable down-quark mass ratios rrid/m s and m s /m b . 
Similarly, from (5.10), (5.11) and (5.13), we obtain the relation 



(5.18) 
1, 





v td 




\v*\ 


\v us \ 



(5.19) 



Since c% — I and cf ~ 2 for &d e — —1, the ratio (2|c2/cg|) approximately takes 
one, so that we obtain the relation for the case of bde tl3d ~ —1, 



Vtd 
V cb 



\V I ~ & 

I V US\ — \ 5 

V m s 



(5.20) 



which is valid for arbitrary value of (£3 — 82). On the other hand, values of \Vtd\, 
\V cb \ and \V US \ must be carefully estimated because those contain the small factor 



4 



^-2ze-^/ 2 sin 2 (^/2)l/(l-^) , 



(5.21) 



which is sensitive to the values of Sd and (3d- 

The rephasing invariant 14 - 1 J is expressed in terms of |V^-| as follows: 15 - 1 

J 2 = \v us \ 2 \v cb \ 2 \v ub \ 2 (l + \v us \ 2 - \V cb \ 2 - u) 



\v us \ 2 \v cb \ 2 - (\v us \ 2 + \v cb \ 2 ) \v ub \ 2 + (1 - \v ub \ 2 ) 



CO 



where 



& — \v c d\ 2 — \v us \ 2 — ivy 2 — \v cb \ 2 — \v ub \ 2 — \Vtd\ 2 



By using (5.20) and the observed fact | V^. s | 2 ^> \V cb \ 2 ^> | V^f, | 2 , we obtain 



(5.22) 
(5.23) 



\J\ 



l_l^W^!| KsMV ; 6 || K6 | 
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1 \m e m d 



lm e /m M 2 



^ 4m d /m 



(5.24) 



For 5| < sin 2 f3 d + e d <C 1, we obtain 



Kfc ^ — 

^3 



c d + e -i(S 3 -8 2 ) 



(5.25) 



In order to explain the observed value 7 ) of \V cb \ 

\V cb \ = 0.041 ±0.003 , (5.26) 



the case 5 3 — 5 2 ^ is obviously ruled out because of z 2 /z 3 = ^m^/m T = 0.244 
and c 2 c± 1, and, rather, the case <5 3 — 5 2 — 7i~ is favorable to (5.26). By putting 

5 3 = 5 + 5 2 + ir , (5.27) 

we obtain 

\V cb \ ~ -^^(sin^ + sin^) 2 . (5.28) 

^3 

Similarly, for the case |<5 2 | 2 < \5\ 2 <C 1, we obtain 



\v t 



Zl 



td\ 



(sm/3 d + sin<5) 2 



z 3 \j e 2 + sin 2 /3 d 



(5.29) 



So far, we have not assumed b d = — 1. However, considering our parametriza- 
tion 6 e = and 6 U = — 1/3, it is likely that the value of b d is given not by b d ~ — 1, 
but by a simple rational number b d — — 1. In Appendix B, we will show the more 
precise expressions of \Vij\, in which we take the small terms e{ and e{j given in 
(4.8) - (4.16) into consideration, but we assume b d = —1. 

§6. Numerical results of the CKM matrix parameters 

Numerical results of |V^-| for 5 2 = 5 = have already been given in Ref. 3). 
Although the purpose of the present paper is not to give the numerical estimates, 
in order to complement the study of the previous section, in the present section, 
we shall give a numerical study of |V^-| without the restriction 8 2 — 5 — 0. 

As the numerical inputs, according to Ref. 3), we use k/X — 0.02, b u = —1/3, 
(3 U = 0, b d = — 1 and (5 d = 18°, which are required for a reasonable fit with the 
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observed quark masses. Our interest is in the behavior of |V^-| versus the phase 
parameters 82 and £3 defined by (2.10) [(5.1)], because in the previous study, 3 - 1 the 
degree of freedom of the phases (82, 83) was not taken into consideration. In Fig. 2, 
we illustrate the allowed regions of (82, #3) which give the observed values 7 ^ of \V US \, 
\V cb \ and \V ub \: 

\V US \ = 0.2205 ±0.0018 , 

\Vcbl = 0.041 ±0.003 , (6.1) 
\V ub /V cb \ = 0.08 ±0.02 . 

We have two allowed regions of (8 2 , 83): we obtain the predictions 

\V US \ = 0.2195 , \V cb \ = 0.0388 , \V ub \ = 0.0028 , 

\V ub /V cb \ = 0.072 , \V td \ = 0.0105 , J = 1.8 x 10~ 5 , (6.2) 
for (82,83) = (0°,174°) and 

\V US \ = 0.2211 , \V cb \ = 0.0411 , \V ub \ = 0.0027 , 

\V ub /V cb \ = 0.065 , \V td \ = 0.0092 , J = 2.4 x 10" 5 , (6.3) 

for (5 2 ,5 3 ) = (-4°,152°). 

In Fig. 3, we show the possible unitary-triangle shape of the present model 
on the (p, r]) plane, where (p, rf) are the Wolfenstein parameters 16 ) defined by V ub = 
\V us \\V cb \(p - irj), V us = \V US \ and V cb = \V cb \. 

The vertex (p, r/) moves on the circle which is denoted by the solid line in 
Fig. 3 according as the parameter 83 varies from 0° to 360°. For reference, we have 
shown the constraints 17 ^ from the observed values Ams d and e K . Both 

triangles which correspond to the cases (82,83) = (0°, 174°) and (—4°, 152°) satisfy 
these constraints safely. 

§7. Summary and discussion 

In conclusion, we have obtained the analytical expressions of the masses and 
mixings of the light fermions / in the democratic seesaw mass matrix model (2.1). 

The fermion mass ratios are controlled by the parameters bf, f3f and k/\f, 
as shown in Fig. 1. We have fixed the parameters (zi,Z2,z 3 ) by taking b e = 
as given in (1.6). The model can yield a large enhancement of top-quark mass, 
m t ^> m b (keeping m u ~ m d ), without taking hierarchically different values of 
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mass matrix parameters in the up-quark sector. In the region of (b u ~ — 1/3, /3 U ~ 
0) in which large top-quark-mass enhancement occurs, the mass relation (3.20), 
m u /m c ~ 3m e /4m M , is valid almost independently of the parameter k/Xf {F = U). 
The value of k/Xu is fixed by the observed values of m c /m t . The observed down- 
quark mass values are in favor of b d ~ — 1 with a small /3j (but /3 d 7^ 0). The mass 
relations (3.21)-(3.23) have been obtained for b d ~ —1 with a small fi\ and with 
A 73 = Xu (= A). Those relations are insensitive to value of |/3d|. The value of 
can be fixed by the observed mass ratio m u /md (or m s /m c ) as shown in (3.23). 

As an application of the results, we have discussed the CKM matrix V. For 
the up-quark sector, we have assumed "maximal top-quark-mass enhancement", 
i.e., b u = —1/3 and (3 U = 0. We also suppose <5 2 — in (5.1). Then, the rela- 
tions (5.14) and (5.15) are valid almost independently of the parameters bd, Pd 
and (Ss — 82). The observed down-quark mass ratios is favorable to b d e ll3d ~ — 1. 
When we take b d e l/3d ~ —1, the relations (5.17), (5.20) and (5.24) are valid almost 
independently of the value of (<5 3 — S 2 ). In order to fit |V cfe | and \V ub \ to the observed 
values, it is required that 5 3 — 5 2 — tt- 

Thus, in order to obtain a good fitting of the quark mass ratios and CKM 
mixings, we must take b u e l @ u = —1/3 and 6^e^ d ~ — 1 together with b e e ll3e = 0. 
The choice (b u — — 1/3, (5 U — 0) is described by the ansatz of "maximal top-quark- 
mass enhancement" or "minimal up- heavy- quark mass" . However, the same ansatz 
cannot apply to the down-quark sector (it leads to a wrong solution bde tf3d = —1/3). 

As an application of the fermion mass expressions (3.1)-(3.3), let us note the 
fermion mass ratio 



r f = 



m{m J 3 




m 2 /m{ 



m 1 /m 2 



f ' 



(7.1) 



which is expressed as 




(7.2) 



Since 







dry 
db f 
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x (3b f + 2 cos j3 f + ^9 - 8 cos 2 p f ) (3b f + 2 cos - ^9 - 8 cos 2 , (7.3) 
the maximal points of 77 are given by 



6 / = --(2cos/? / - v /9-8cos 2 /3 / ) , (7.4) 

and 

6/ = - i (2 cos p f + J9-8 cos 2 /?/) . (7.5) 

For /5 2 <C 1, the former and the latter give bf ~ —1/3 and 6j ~ —1, respectively. 
Although the expressions (3.1)-(3.3) are not valid for bf = —1/3, bf = —1/2 and 
bf = —1 with (3f = 0, we can see, from the numerical study of the 6x6 mass 
matrix, that the results (7.4) and (5.5) are valid even for \Pf\ — > 0. Therefore, it is 
interesting to put an ansatz that the parameter bf takes its values such the ratio 77 
becomes maximal. Since drf/d\/3f \ < 0, the ansatz leads to \Pf\ — > 0. The solution 
(bf = —1/3, Pf = 0) is favorable to the up-quark sector, but, for down-quark 
sector, the choice Pf — is not favorable. We will have to consider an additional 
reason for Pf 7^ 0. If we accept such the additional condition Pa 7^ (but p 2 d <C 1), 
we can obtain the desirable choice bd — —1. 

In addition to the solutions (7.4) and (7.5), the remaining solutions of (7.3), 
bf = and bf = —cosPf/2 ~ —1/2, are also interesting. The former bf = 
corresponds to the case of the charged lepton sector. The latter bf ~ —1/2 is 
favorable to understanding a large neutrino mixing which has been suggested from 
the atmospheric neutrino data, 19 ) as pointed out in Ref. 20) (also see (A.l) in 
Appendix A). 

Thus, although the ansatz for the mass ratio 77 brings very interesting re- 
sults, at present, we cannot find any plausible mechanism which justifies such the 
ansatz. Considering naively, it is strange that the parameter value of bfe %l3f is con- 
trolled by the ratio mfm^/m^ 2 , because bfe tl3f is a parameter in the heavy-fermion 
mass matrix M F which is generated at fj, — m \ F (^> m w ), while the masses 
m{ (i = 1,2,3) are generated at n — m (~ mw)- We consider that there is a 
fundamental law (mechanism) which controls the value of bfe tl3f in Mp, and the 
law indirectly affects the mass ratio r-f, too. As a result, the points which yield 
drf/dbf = can correspond to the physical values of bf for quarks and leptons. 
However, it is a future task to clarify whether this scenario is true or not. 
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The purpose of the present paper is to obtain analytical expressions of 
fermion masses and mixings for convenience of further investigating of the demo- 
cratic seesaw mass matrix model. The model brings many new aspects beyond the 
conventional mass matrix models, and it seems to be worth while investigating the 
model furthermore. 
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Appendix A 

The expressions of Lf[ for the cases bf = —1/2 and bf = —1 with (3f — are 
given in Ref. 20). The results are as follows: 



/ 



V2\z 2 zj J2 y/2 



V V2 \z 2 z 3 J s/2 



Zl 

z 2 

1 

V2 
1 



.£1 N 

1 

V2 

1 

V2 J 



(A.l) 



for bf = —1/2 and (3f = 0, and 



ul~ 



J_ J_ J_ ( Z Jl _ 



1 

1 



Zl 

Z3 



Z_2 

Z3 



1 1 (z 2 | Zi 



(A.2) 
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for bf = 



-1 and (3 f = 0. 



b f = 



Appendix B 

For b d = -1, (3j < 1 (but (3j ^ 0), 5 2 < 1 and b\ < 1, from (4.4) with 
-1 and (5.5), we obtain the following analytical expressions of |V^-|: 



IK 



2z 2 \sm((3 d /2)\ 



1 - 3ei + e 3 + sin y sin I — - 5 2 I + - sin y 



, (B.l) 



IK 



22 1 - e 



u l^d 5 c d 

3 2 fc l 2 fc 3 



^3 y'l + Ssin 2 ^) 



sin/3 d + sin J | (1 + r] cb ) , 



(B.2) 
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ub | 



1-eg 



^1 + 8sin 2 (/3V2) 



\sin/3 d + sin 5 + 2sin5 2 | (1 + Vub) , (B.3) 



IK 



| sin /3d + sin 5 1 
] ~s |sin(^/2)| 



(1 + Vtd) , 



(B.4) 



where 



£ *=l ( Zl Y 1 ~ l!^ ~ Ily |2 
1 8 W sin 2 (^/2) " 2m s ~ 2 l usl 



(B.5) 



j 1 



1 /m ( , 



2 W ^1 + 8 81^(^/2) 2 ' 



m. 



(B.6) 



Vcb = 2 



• 2 Pd . . 2 ^ 

sin y + sin — 



2( e ? 



d i ~d\ -2 A^d 



e, sin 



| + 4^sin 2 | + i(^-^) : 



x 



1-eS 



2 1 2 1 



. Pd . S 
sm y + sin — 



(B.7) 



(3 d 



(3 d ( . 5 t . S 2 



7] ub = 2< sin z ■ h sin z - +2 sin z — sin - + sin 
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Pd $ $2 ( $ ^2\ I 2 $ 2 $2 \ o$2 

—8 sin — sin - sin — sin — h sin — — 4 sin sin — sin — 

2 2 2 \ 2 2 ) V 2 2 / 2 



-8e h 



. Pdf . Pd . S\ ( . 6 . <V 

—2 sin — sin sin - + sin — h sin — 

2 V 2 2 \ 2 2 



x 



(l - ejj) (sin (3 d + sin 5 + 2 sin 5 2 ) 



(B.8) 



»7w = 2 



2 /3^ • • Pd . S . S 2 ( . p d .5 . <5 2 N 

sin h sin - + 4 sin — sin - sin — sin sin sin — 

2 2/ 2 2 2 V 2 2 2, 



d ( ■ Pd j_ ■ ^ 
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Figure Captions 



Fig. 1. Masses m[ (i = l,---,6) versus b f for the case of re — 10 and 
re/A = 0.02. The solid and broken lines denote for the cases of (3f = and (3f = 18°, 
respectively. At bf = 0, the charged lepton masses m e , m M and m T have been used 
as input values for the parameters Z{. For up- and down-quark sectors, the values 
b u = —1/3 and b d = — 1 are chosen from the phenomeno logical study 3 ) of the 
observed quark masses. 

Fig. 2. Constraints on the phase parameters (#2, £3) from the experimental 
values \V US \ = 0.2205 ± 0.0018 (dotted lines), \V cb \ = 0.041 ± 0.003 (solid lines) 
and \V ub /V cb \ = 0.08 ± 0.02 (dashed lines). The hatched areas denote the allowed 
regions. 

Fig. 3. Trajectories of the vertex (p, rj) of the unitary triangle for the cases 
62 = 0° and 62 = —4°. The points o, □, O and A denote the vertex (p, 77) for 
c>3 = 150°, 160°, 170° and 180°, respectively. The other parameters are fixed 
to k = 10, re/A = 0.02, b u = -1/3, f3 u = 0, b d = -1, and f3 d = 18° from 
the observed quark mass ratios. The solid, broken and dot-dashed lines denote 
constraints from |Kift/Kb|, |A^bJ and Ek- The two triangles correspond to the 
cases (5 2 ,5 3 ) = (0°, 174°) and (-4°, 152°), respectively. 
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